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The solution of most problems in Hjdrod^anies depends 
upon the proper eomhination of the equations of motion of 
the fluid interior of a given closed airfaee with the dif- 
ferential equation of the sarfaee, or with the equations 
expressing the boundary conditions* 

Lord Kelrin has diown that the differential equation of 
the surface for both compressible and incompressible fluids 
has the following form: 

u,F^(x) -t- T.F'(y) -h w.p'(j) + F'(t)= 
idler e (t) is a rariable parameter of the equation 

F (x, y, I, t) =0 

In the treatment of problems of the motion of incfMa- 

« 

pressible fluids in three dimensions* i^ere the aarface under 
discussion is q>herical or nearly so, the usual particular 
solutions of Laplace's equation ( Vo^s: 0), such as» Zonal, 
Tesseral and Spherical HazmonJes, are adequate, since in these 
cases the relocity-potential satisfies Laplace's equation. 
The solution used in any particular case depends upon the 
syonetry of the boundary conditions* Where the surface 
differs much from the qpherical form as in ellipsoids. 
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Bllipsoidal Harmonios are used. Problems of this kind hare 

been extensively inrestigated. 

(1) 
In discussing the anchor ring Mr, W, M. Hicks has 

dsriyed modified forms of the Zonal, Tesseral and Spherical 

Harmonics by means of nhich the potential both outside and 

inside the ring may be completely inyesti gated. The same 

(2) 
probloa has been solyed by Mr* F. W. Dyson by using 

elliptic integrals* 

The problem is much simplified n^en the motion takes 
place in a single plane in nhich case, if the boundary con- 
85. sts of a sbraigiht line, tivo parallel strai^t lines, or is 
rectangular, the relocity-potential may be expressed as a 
Fourier's Series or a Fourier's Integral. 

In other c^ses there is no direct method of procedure* 
The inverse process of finding nbat boundary conditions will 
give knom solutions of Lc^laoe's Equation is used, with 
the hope of finding the desired solution. The method of 



(1) Phil. Trans. 1893. 

(2) Phil. Trans. 1881. Part III. 
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3. 
iffloges is also applicable to tone eases, more espeeially 
pertiaps in the case of rotational motion. 

For the irrotational motion of a perfect liqaid there 
always exists a veloeity-potflntial i^ioh satisfies the 
equation 

The potential^ and the rectangular relocities u, t and w 



may be foond from the giren conditions* for all points of the 



interior. 



boundary 



the lines of flow and eqai-potential lines begin and end 
there. This is true whether the motion is "steady* or not 
and true therefore irtien the extraneous force is grarity* 

Much work has been done on the motion of many of the 
regular solids ionersed in a liquid, when acted upon by a 
system of impulsire forces and also by constant forces. The 
motions of the liquid in the nei^borhood of such solids has 
also been discussed. Both tidal wares and wares due to 
local causes hare been inrestigated and their properties 
discussed to seme extent. The related problem of the effect 
of hi^ land masses upon neighboring bodies of water has been 
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worked out by Professor R. S. Woodward and others. 

Perhaps the most fniliar problem of the effect of an 
extraneous force upon a body of liquid, is the 'Torrioelli 
Theorem* on the efflux of a liquid from ai aperture in the 
side or botton of the containing tssmI. Where the ressel 

is kept filled to a constant level the motion becomes steady 

du dr dw 

making — = 0, — = and — ~ 0; and giving the well-known 

dt dt dt 

result q"*:^ 2 gi, irtiere q is the Telocity. In case the 

liquid rotates under the influence of grarity angular relooity 

dr du 
is introduced^ g^Ting — - -* s 2ci> . Showing that a 

dx dy 
Telocity potential does not exist, and that such motion could 

not take place in a perfect liquid. 

Cases of motion i^ere no extraneous forces are acting 

haTO been completely worked out by methods of conjugate 

functions and the theory of images. In these cases the 

lines of flow and equipotential lines are orthogonal systems 

of curve s» and methods of plotting such are easily devised. 

But idien extraneous forces are acting these lines no longer 

belong to orthogonal systems of curves and no method has yet 

been dcTised by means of i^ich the lines could be drawn under 
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qpeolfled eonditioiis. 



It was hoped that iome graphical nethod a^pli cable to 
all ease a night be found in connection with the present work, 
but thus far none has been discorered that is at all general. 
I hare found the eqaipotential lines and lines of flow for a 
rectangular area i^ere a constant extraneous force is acting* 

Taking the liquid as incompressible since the external 
force is constant the motion is steady and the relocity po- 
tential may be made to satisfy the equation 

-^2 2 

Ox "5y 

and ^-^^ku, Se^ = kw 

ox o% 

A constant aust be added to one of these relooities to express 

the effect of the constant force. This is more clearly seen 

perhaps in the case of yertical motions due to the force of 

grarity. In this case the constant to be added to w is of 

course £ 9»d since this is a constant Laplace's equation is 

still satisfied. The lines of flow and equi -potential lines 

are no longer orthogonal, but are, as we &all presently see. 



6. 
inclined ab different angLeB» being tangent at eone points of 
the interior. 

If the area be taken in the sphere of attrae||ion of the 
earth aid near enoqgh so that the attraction may be taken as 
constant we ihall hare 

u = k ^^ 

d I 
ibere ^ satisfies Li^l ace's e<|aatian* 

Professor C. S* Slichter has ihown that the motions in 
an area A B C D, fig. (l), filled with sand and haying water 
flowing through it, entering along A B and flowii^ out along 
A D — • the sides B C and C D being Inperrioas — - May be 

■ • • • • 

fully discussed by replacing the sand and water by a perfect 
li(]uid haring a relocity potential, and that the velocity 
potential in this case would be identical with the pressore 
function. This being true, it is possible to find the 
pressure at any point in the interior as well as the coai* 



Survey, 



7. 
ponent velooities at theM points, just as soon as the 
l)oandary conditions are knovn. Aodordingly in irtiat follows 
ths Toloeity potential will be replaced by the pressure funct- 



ion. 

If the section be horisontal, the problem nay be treated 
in the usual way, but in case the section is rertical the 
extraneous force, grarity, gires a ijrstan of cnrres nhioh are 
not orthogonal. 

Let D C^ a and A Dx b, and suppose the head of water 
along A 6 lero. The boundary oonditions then to be satis- 
fied are: 

P lihen x 

P fihen X a 

P h nhen s b 

w iriien 2 
And since the area is a rectangle P, u and w are expressed as 
Fourier's Series: 
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nit (b - z) 
nacjo Bin h 

p = — -— \ . Bin 

7^^ Z^ 2 Tilth 2a 

n = 1 n COB h 

2a 

This differentiated with reipect to x and i for u and w 

gires: 

n7> (b - z) 

n:=v5 Bin h ' 

4 g^ k ^- — » 2 a n>x 

ur- \ — . COB 

'^ ^j/V| nJT'b 2a 

n = 1 n COB h — — 

2a 

n^(b - «) 
n^9o COB h --- — -- — 
4 gpk r — • 2 a nmt 

w ,- --— \ . Bin — +g 

^ / ^ niTb 2 a ' 

n — 1 n COB h - — 

2a 



In the abore eqciationB n representB each of the siccesBive 
oM nunbers, a and b being the eidee of the rectangle nay 
hare any desired ralue. But for BLinplicity they were in the 
present case taken ecpial to ten, and for the same reason gpk 
was taken ftqual to unity. 

Making these changes the equation s become: 



1 



9. 

nJT'dO - z) 

n = «o fin h 

20 nTPx 
p = — — > , gin 

2 nl?' 20 

n = 1 n eo8 h — 

2 
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n^'ClO - s) 

n^oo Bin h 

20 B^x 

n =r 1 n 008 h — '- 

2 



n^dO - i) 

n^r-do 008 h '' — - 

20 n'^x 

w=---- \ -— • lin — -«f 1 

n^ 20 

n — 1 n 008 h — - 

2 






From these equations the raluee of P, u and w were found 
at eaoh of the one hundred points giren in the area. This 
was done by oomputing the series for x 1, 2, 3» 4, 5, 6, 7, 
S, 9, 10 when i 1, and then when i 2, 3, 4» 5, 6, 7, 8, 
9, 10, i« e*» by makii^ one hundred eoaputations of eadh 
series. The yalue of u and w being found for eaoh point 
it was not diffioult to determine the reailtant in both 
magnitude and direotion. This gare the flow at eaoh of the 
points of the area. We find from Figure (l) that there is 
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aoiual motion throu^oat the i^ole area. 

The motion, indeed, at some points is very sli^t, bat 
there is no point in the entire area where there is no motion. 
This is important if we regard this as an immense area in 
hcmogeneotts ore-bearing rook* It indicates that at every 
point of the area the water is oontinoally moring and ooming 
into contact with new rock sorfaces* thus increasing its 
capacity for dissolving the mineral salts frcm the area* 
From the length and direction of the arrows it is seen that 
at the comer D the lines are crowded down closer together 
than at A. This shows that the constant force gravity has 
distorted the field, causing the lines of flow to be concen- 
trated at the bottom, and showing th^t underground waters 
must taike very long journeys before reaching their destina- 
tion and 80 cone in contact with a very great area of rock 
aarfaee. 

As before stated, the relation ■ of the equi-pre ssore 
lines to the lines of flow differs from that found in hori- 
sontal planes. From fig. (2) it is seen Uiat the angle be- 
tween the systems of curves varies frcm nearly a right angle 
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to two ri^t angles, that is, to tangenoy. In faot, there 
is in the area idiat may he called a line of tangeney meeting 
the fides A D and D G. These lines of flow as hefore indi- 
cated taken at eqaal distanoes along A B erowd near eaeh 
other down near D, showing the eff eot of grarity upon them. 
If we oause the oon stent foroe g to eease to aot in the ease 
tinder consideration* the lines of flow would be arcs of 
circles cutting A 6 and A D at equal distances from A. The 
effect of grarity then is to pull these arcs of circles out 
into cycloidal-like eurres crowding near DC* As a matter of 

« 

fact the curre drawn from x^ 5, s r 10 is nearly a cycloid. 
Those in the upper left-hand comer being too low and long 
and those in the lower ri^t-hand comer too short and hi^ 
for cycloid s. 

The lines of pressure are hyperbola-like conres drawn 
for pressures, 1, 2, 3, 4, etc*, all the cunres beginning and 
ending in the boundary. 

It is easy to see that we may take a similar area a b 
to the ri^t of A B C D and leaving an open face similar to 
A D and an impervious bottom and water at sero pressure along 
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the top. We diould then have these two areas one on eaoh 
side of B C with the liquid flowing in opposite directions* 
The liquid in eaoh area flows directly dom 6 C and so the 
motions will not be interrupted if B C be renored. That is, 
the nethod of images is applicable horiiontally. If, how- 
ever, a similar area to A B C D be taken just below C D we 
cannot say that the method of images as usually applied holds 
true. We may regard A D in the upper area as an absorbing 
slit and A D in the lower area as a similar slit aid the 
position C D between than as a mirror the corresponding 
parts of A D in the upper and lower slits are not found at 
eqnal distances above and below C D. They are found drawn 
down by gravity so that the method of imi^s must be modified 



for vertical distributions. By integrating u with respect 

9 9 8 

to B between the limits b and — .b; — .b and —.b, etc*, the 

10 10 10 

amount of flowage from each of the ten equal divisions of A D 

may be calculated. And in a similar way the amount of liquid 
going in at each of the ten equal divisions of A B is obtained 

by integrating w with respect to x between the limits a and 

9 9 8 

—.a; — * .a and —.a, etc. The equations for the flowage and 

10 10 10 
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the anount absorbed are then: 

niKb - s) 

nae^ cos h — d 

^d 8 ag/ok V*^ 2 a n^XT 

J " Z^ 2 n/^b 2a J 

e n s 1 n oos h o 

2a 

ni/(b - a) 

nss^ COB h A ji 

,d 8a«pk \" — « 2 a n^n 

a, ^ wd,= -™2^ ..........„.„.«,. „.j ^^ 

e nrrlncosh — — e *'o 

2a 

9 9 

nAiere e raries from — .h or —.a dofn to aero, and d rariea 

10 10 

1 1 
from a or b down to — .b or —•a. Sol ring the ten equations 

10 10 

for the ten different ralues of f and a, we get the following 
table; 



No. 1 2 3 4 5 6 7 8 9 10 
a .958 .875 .800 .728 .664 .611 .566 .535 .512 .502 
f .042 .126 .216 .315 .424 .556 .716 .935 1.24 2.07 



Table (l) 
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It will 1)6 seen trtm the table by oounting the diyisions from 
A as 1» 2, 3, ete., that nearly half the water flows throng 
the firet three diyisions and that there is a gradual de- 
erease toward B. The relatire ralue of f fron the different 
divisions chows a rery sli^t flowage from the first division 
with a rapid increase fron each of the saeoeeding diyisions 
until the two lower divisions at D earry off one-half of the 
nount absorbed. This shows in a very ririd way the pro- 
notmeed effect of gravity or any constant external force upon 
a liquid. The anount going in along A B is of course equal 
to the anount flowing out along A D, since the equation of 
continuity must hold true. 

It is interesting to note that the curve given by plot- 
ting the flowage from A D is very nearly a tractrix or anti- 
friction curve. See fig. (3) . It would undoubtedly be an 
exact tractrix had the nmber of divisions of A D been taken 
mall enou^, i. e., if twenty or thirty equal divisions had 
been taken instead of ten. 

In Fig. (3) the line X corresponds to the distance 
A D in Pig. (l), and the y-coordinates of the curve are given 
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by thft values (f) taken from Table (l). 

Pigore (4) ihows the distribution of absorption into the 
area A 6 C D along A B, the line A B of the figure eorres- 
ponding to the line A B of the area* The y-eoordinate s of 



fron 



of (a) 



Figaros (S) and (4) then diow the distribution of ab- 
sorption and flowqge along A B and A D* 

Extending this method by taking A B one hundred and 
keeping A D ten* we get approximately an artesian well area. 
The Talues of f and a for this case are given below: 



No. 1 2 3 4 5 6 7 8 9 10 
a 5.51 1.44 .139 .044 .028 .005 

f .040 .162 .210 .348 .446 .616 .762 .981 1.32 2.53 



Table (2) 



It will be seen that the amoont flowing in at the first 
dirision of A B is abouA two-thirds the total amount flowing 
into the entire area, and that this supplies the flowage for 
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the first nine diTisions of A D while the tenth dirision of 

9 
A D sires out the water fron — the distance A B. If the 

10 

rook in the area be soluable it is easily seen that the water 
flowing from this lowest dirision of A D will be rery hi^ly 
charged with mineral Matter, ihile the remaining two-thirds 
that flows out abore will be rery sLi^tly chai^ged« This 
is more especially erident when the long sweeping paths of 
the water are considered compared with the rery Aort paths 
of the waters of the first dirision of A B. We hare this 
represented graphically in Fig, (5), ihere the lines of flow 
are drawn for the case idiere A B 100 and A D 10, or a 
typical artesian area* If A D be a crerice in the rock it 
is erident that this place will be farorable for the deposi- 
tion of the mineral salt dissolred in the water since the 
pressure is released at this point and there is apt to exist 
some reagent that will cause a precipitate of the ore. This 
reagent may exist in the crerice itself or in the opposite 
wall. 

In Fig. (6) the curre has been plotted for the flowage 
fk*om A.B for the case AD 10 and A B 100. This does not 
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differ nooh fron the can where AD 10 and A B 10, except 
that the oonrexity dowmrard is scneMiat more pronounced, mak- 
ing the corre less like the traotrix. 

Ten equal diyisions were taken along A D tnd the ralues 
of y taken from Table (2) corresponding to different yalues 
of (f). 

The absorption curre for the case AD 10 and A B 100 
is given in Figure (7). Here the scale has been soneirtiat 
ohanged due to the large yalue of A 6. The distance A B 
was divided into one hundred equal diyisions, while the sane 
yertical scale was used for y as in the preceding cases* The 
yalue 8 of y were taken frcm Table (2), being the different 
yalue s of a in that table* 

The rapid fall of the curye at first and then more 
eradnal fall corresponds to the yalue s of a found in Table 



(2) and also emphasises the relatiye slowness of the motion 
of the water in the ri^t-hand half of the area A B C D, Pig* 
(5), as compared with that of the left-hand half* 

The method used in the preceding cases mi^t be extended 
to areas of different dimensions, but the results would not 
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differ nueh ffon those idready sbatecU 

If A 6 be taken ^eater than one hundred, i^ile A D 
renains ten, or if we hare any eimilar relation between the 
two, it will be more advantageous to use the Fourier' s 
Integral instead of the Fourier' s Series , sinoe for saeh a 
difference between A 6 and A D the area nay be considered as 
an infinite strip. 

The results obtained are especially interesting in con- 
nection with the notion of grotind water, because of their 
bearii^ on the theory of ore-deposits, artesian wells end 

ft 

drainage flunes. The fact that sand through which water is 
flowing, as before indicated, can be replaced by an ideal 
liquid having a velocity-potential v^ch is identical with 
the presaire opens a new field of investigation in hydro« 
dynenics from whieh many important results will be obtained. 
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